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s u m m a r y

Stefan models have been used for many problems such as freezing and melting processes. However, there
are few research reports on using Stefan model for the problem of unsaturated flow in a granular packed
bed, but the Stefan model has never been used before for considering the effects of particle sizes and sup-
plied water flux to water saturation and moving infiltration fronts. The purpose of this work is to present
novel mathematical models and numerical schemes for solving one-dimensional infiltration flow prob-
lems. A systematic development and comparison of two proposed models (Single-phase model and Ste-
fan model) is performed. The influences of particle sizes and supplied water flux on water infiltration, i.e.,
the infiltration layer are studied in detail. It is found that the results of the comparison between these two
models are in good agreement. Furthermore, the Stefan model shows better agreement with the exper-
imental results than the Single-phase model. This study shows that the Stefan model can be used effec-
tively for many physical phenomena involving flow infiltration coupled with a moving boundary,
compared with other conventional models, i.e., the Single-phase model.

� 2013 Elsevier B.V. All rights reserved.

1. Introduction

Water infiltration is an important process in many fields, such
as hydrology, soil science, agriculture, civil engineering, and chem-
ical engineering. The infiltration characteristics of water are of
prime interest for a variety of concerns, including water conserva-
tion, flooding, runoff, erosion, recovery of isothermal energy, tem-
perature control of soil, and food preservation processes. The
infiltration of water is affected by several intrinsic and extrinsic
factors. The intrinsic factors that affect water infiltration are the
hydraulic conductivity function, water retention characteristics,
porosity, capillary pressure gradient, and texture of media.

The models of water infiltration in unsaturated porous media
have been studied by many researchers. Abriola and Pinder
(1985) proposed an infiltration model of porous media contamina-
tion by organic compounds. They considered the effects of the ma-
trix and fluid compressibility, phase composition and the
mechanism of driving forces, i.e., capillarity, diffusion and disper-
sion on flow phenomena in porous media. Stauffer and Dracos
(1986) presented an experimental and numerical study of water
and solute infiltration in layered porous media, which was re-
stricted to two-dimensional flow in a vertical plane. They high-

lighted the relation between capillary pressure and the degree of
saturation. Haverkamp et al. (1977) compared the numerical sim-
ulation models for one-dimensional infiltration. They reported that
the implicit or explicit evaluation of the hydraulic conductivity and
water capacity functions appear to have the widest range of appli-
cability for predicting water movement in soil with both saturated
and unsaturated regions. Other reviews concerning the problem of
mass transport in porous media have been performed by Aoki et al.
(1991), Ma et al. (2010), Henry and Smith (2006), Binning and Celia
(1999), Parlange (1972), Gvirtzman et al. (2008), Ratanadecho et al.
(2001, 2002), and Suttisong and Rattanadecho (2011).

Most previously proposed models of water infiltration in porous
media have used conventional numerical methods to solve the
nonlinear equations. Few studies (Broadrige et al., 2009; Borsi
et al., 2004) that have been proposed modeling water infiltration
in porous media based on the moving boundary model, or the ‘‘Ste-
fan model’’, owing to the complexity of handling both the flow
phenomena and the variation over time of the moving infiltration
front. Stefan models have been used for many problems concerning
the moving boundary condition, such as the freezing or thawing of
soil, ice formation, crystal growth, aerodynamic ablation, casting of
metal, food processing and numerous others. Generally, the solu-
tion of the moving boundary problem with phase transition has
been of special interest because of the inherent difficulties associ-
ated both with the nonlinearity of the interface conditions and
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with the unknown locations of the arbitrary moving boundaries.
The advantage of the Stefan model is that it is able to handle the
moving boundary front in the various kinds of engineering prob-
lems, mentioned above. Crank and Gupta (1975) provide a good
introduction to the Stefan problems and elaborate a collection of
numerical methods. Lyczkowski and Chao (1984) present a com-
parison of the Stefan model with a two-phase model of a coal dry-
ing process in Cartesian and axisymmetric cylindrical coordinates.
Javierre et al. (2006) report on the exciting numerical techniques
for solving one-dimensional Stefan problems in phase transforma-
tion problems. To date, the related problems of Stefan models have
been investigated by many researchers: Charn-Jung and Kaviany
(1992), Chellaiah and Viskanta (1988), Crowley (1978), Shamsun-
dar and Sparrow (1976), Cheung et al. (1984), Weaver and Viskanta
(1986), Afshar and Shobeyri (2010), Saeedpanah et al. (2011), Rat-
tanadecho (2004a,b, 2006), and Rattanadecho and Wongwises
(2007). They have introduced various numerical techniques in
attempting to overcome the difficulties in handling these moving
boundary problems.

Although Stefan models have been used for many problems, rel-
atively few researches report on the problem of unsaturated flow
in a granular packed bed based on a Stefan model. In particular,
the effects of particle sizes and supplied water flux on water infil-
tration in porous media and on the infiltration front have never
been studied before. The purpose of this work is to: (1) solve
numerically the two models (Single-phase model and Stefan mod-
el) for describing the one-dimensional infiltration of water in por-
ous media; (2) compare the predicted results obtained for the two
models; and (3) compare the predicted results obtained from these
two models with the experimental results. The results presented
here provide a basis for the fundamental understanding of infiltra-
tion flow in porous media.

2. Theory and numerical schemes

The mathematical models derived from mass conservation and
Darcy’s laws based on Buckley–Leverett function are performed.
The main transport mechanisms that enable water infiltration of
supplied water into a porous media, i.e., a granular packed bed
are water flow driven by the capillary pressure gradient and grav-
ity. Subsequently, a comparison is undertaken of the water infiltra-
tion process in unsaturated porous media, between the Single-
phase model and the Stefan model.

2.1. Single-phase model

By conservation of mass in the unsaturated porous media, the
governing equation of infiltration flow can be derived by using
the volume averaged technique (Rattanadecho, 2004a,b).

The main assumptions involved in the formulations of the
transport model are:

1. The unsaturated granular packed bed is rigid.
2. No chemical reactions occur in the granular packed bed.
3. Darcy’s law holds for the liquid phase.
4. Gravity is included for the flow analysis.
5. Permeability of liquid can be expressed in terms of relative

permeability.

Fig. 1 shows a schematic diagram of the Single-phase model or
Buckley–Leverett problem. This is an unsaturated flow of water,
supplied uniformly at the top surface of a granular packed bed,
which is initially composed of glass particles and voids with uni-
form porosity throughout.

In this study, it is noted that the supplied water flux during
unsaturated flow is considered to be lower than the supplied water
flux owing to gravity (Aoki et al., 1991), namely:

Fl 6 g � K ð1Þ

where Fl is the supplied water flux, g is the gravity and K is the sat-
urated hydraulic conductivity (permeability). This expression
means that the supplied water always infiltrates into the granular
packed beds throughout the infiltration process.

2.1.1. Mass conservation
Regarding the infiltration flow in a granular packed bed, the

microscopic mass conservation equation for liquid flow in such a
packed bed is expressed as:

e
@

@t
½qls� þ

@

@z
½qlv l� ¼ 0 ð2Þ

where e is the porosity, s is the water saturation, ql is the density of
water, vl is the fluid velocity. The generalized Darcy’s law, which is
the expression for the superficial average velocity of the liquid
phase, is defined as (Rattanadecho, 2002):

v l ¼ �
KKrl

ll

@pg

@z
� @pc

@z
� qlg

� �
ð3Þ

where Krl is the relative permeability, pg is the gas pressure and ll is
the liquid viscosity. In Eq. (3), the capillary pressure, pc is related to
the liquid and gas phases which can be written as:

pc ¼ pg � pl ð4Þ

where pl is the liquid pressure and pg is the gas pressure. Using
Darcy’s generalized equation (Eq. (3)), the mass conservation equa-
tion for the Single-phase model (Eq. (2)) can then be rewritten in its
final form as:

Nomenclature

s water saturation (–)
se effective water saturation (–)
sir irreducible water saturation (–)
qp density of particle (kg/m3)
ql density of water (kg/m3)
e porosity (–)
Fl,in supplied water flux (kg/m2 s)
g gravity (m2/s)
K saturated hydraulic conductivity (m2)
Krl relative permeability
vl fluid velocity (m/s)
pc capillary pressure (Pa)

pl fluid pressure (Pa)
pg gas pressure (Pa)
ll dynamic viscosity of liquid (Pa s)
tl kinematic viscosity (m2/s)
r surface tension (N/m)
g coordinate tranformation

Subscripts
s solid
l liquid
p particle
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where tl is the kinematic viscosity. Assuming the effect of gas pres-
sure is negligible, Eq. (5) is reduced to:

e
@

@t
½qls� þ

@

@z
KKrl

tl

@pc

@z
þ qlg
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¼ 0 ð6Þ

2.1.2. Equilibrium relations
The system of conservation equations obtained for the Single-

phase transport model requires a constitutive equation for the rel-
ative permeability, Krl, capillary pressure, pc, and capillary pressure
functions (Buckley–Leverett functions), J. A typical set of constitu-
tive relation for liquid system is given by:

Krl ¼ s3
e ð7Þ

where se is the effective water saturation, considered as the irreduc-
ible water saturation, sir, which can be defined by:

se ¼
s� sir

1� sir
ð8Þ

The relation between relative permeability in each phase fol-
lowing Eq. (8) is shown in Fig. 2.

Furthermore, the capillary pressure, pc, is further assumed to be
represented adequately by Buckley–Leverett’s well known J(se)

functions. The relation between the capillary pressure and the
water saturation is defined by using the Buckley–Leverett func-
tions, J(se) Rattanadecho et al., 2002:

pc ¼ pg � pl ¼
rffiffiffiffiffiffiffiffi
K=e

p JðseÞ ð9Þ

where r is the surface tension and J(se) is correlated to capillary
pressure data obtained by Buckley–Leverett and can be expressed
as follows (Aoki et al., 1991):

JðseÞ ¼ 0:325ð1=se � 1Þ0:217 ð10Þ

2.1.3. Initial condition and boundary conditions
Assuming that the initial effective water saturation and initial

temperature are constant and uniform throughout the granular
packed bed:

t < 0; z P 0 : se ¼ s0; T ¼ T0 ð11Þ

Based on experimental conditions, the initial effective water
saturation se is given as s0 = 0.001 and the initial temperature T0

is given as T0 = 25 �C. The boundary conditions at the top and bot-
tom of granular packed bed are:

t > 0; z ¼ 0 : Fl;in ¼ const;

z ¼ L : Fl;out ¼ qlv l
ð12Þ

2.2. Stefan model

Fig. 3 shows a schematic diagram representing the water infil-
tration in a granular packed bed, as described by the Stefan model.
This is one of the more powerful models that can solve the prob-
lems involved with the moving boundary, i.e., the infiltration front
in this study, because it can simultaneously capture directly the
infiltration front together with the infiltration layer during the
water infiltration process in porous media.

The study of the water infiltration process in a granular packed
bed based on the Stefan model is difficult because the interface be-
tween the wet and dry zones, or the infiltration front, is moving
from the top of the granular packed bed to the bottom. For solving
this moving boundary problem, the original governing equations
are transformed into the coordinate transformation equations,
which are based on a boundary fixing method. Refer to the original
equations (Eqs. (6), (11), and (12)), as shown again below:

Fig. 1. Schematic representation of the water infiltration in porous media described by the Single-phase model.

Fig. 2. The relationship between, Kr and se.
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t < 0; z P 0 : se ¼ s0; T ¼ T0 ð11Þ

t > 0; z ¼ 0 : Fl;in ¼ const;

z ¼ L : Fl;out ¼ qlv l
ð12Þ

Considering the moving boundary front or water infiltration
front, when the mass balance in performed at this interface, the
equation representing the infiltration front (Stefan equation) is de-
scribed by:

es
@R
@t
¼ KKrl

ll

@Pc

@z
þ qlg

� �
ð13Þ

With the concept of coordinate transformation technique, the
following normalized form is applied (Rattanadecho 2004a):

g ¼ z=RðtÞ; 0 6 z 6 RðtÞ ð14Þ

as shown in Fig. 3, where R(t) is the distance between the top sur-
face (z = 0), and the moving boundary front (z = R(t)). For a time
step, the infiltration front moves in the z direction. At the moving
boundary front (z = R(t)), the initial effective water saturation se is
given as s0 = 0.001. By using the coordinate transformation tech-
nique, the physical space (z, t) is then transformed to the mapping
space [g(z, t), t]. The differential operators with the coordinate
transformation are mathematically related to the following equa-
tions (Rattanadecho 2004a):
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where _R is the time derivative of the water infiltration front. Finally,
Eq. (6) in coordinate transformation form is rewritten as (Rattanad-
echo 2004a):
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Eq. (13) in coordinate transformation form is also rewritten as:
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þ qlg
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ð18Þ

2.3. Numerical schemes

Corresponding to the method of finite differences, based on the
notion of control volume, the generalized systems of nonlinear
equations with a coordinate transformation form are integrated
over a typical computational domain. These equations within this
system can be cast into a numerical discretization of the general-
ized conservation equation. To solve the nonlinear equations, the
Newton–Raphson iteration procedure is used for each element.
After integration over each control volume within the computa-
tional mesh, a system of nonlinear equation results whereby each
equation can be cast into a numerical discretization of the general-
ized conservation equation.

The Single-phase model (Eq. (6)) for the internal nodes can be
cast into a numerical discretization as:

e
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ð1� sirÞ ql snþ1

ei � sn
ei

� �� �
þ 1
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The Stefan model (Eq. (17)) can be cast into a numerical discret-
ization as:

e
Dt
ð1� sirÞ ql snþ1

ei � sn
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where n is the current iteration index and n + 1 is the new iteration
index. The discretized form of the moving boundary interface in Eq.
(18) can be written as:

Fig. 3. Schematic representation of the water infiltration in porous media described by the Stefan model.
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es
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RDg
þ qlg
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Finally, to obtain values for all stage variables at the matching
time, the system of nonlinear equations (Eqs. (19–21)) must be re-
solved by the Newton–Raphson method.

3. Experimental apparatus

Fig. 4 shows the experimental apparatus for the one-dimen-
sional water infiltration in a granular packed bed (Aoki et al.,
1991). The test column is designed to achieve the one-dimensional
flow of infiltrating water. It has an inner diameter of 60 mm, is
400 mm long and is made of rigid acrylic plastic tubing. The dry
porous-ceramic disk at the bottom of the granular packed bed sup-
port the granular particles in the column while allowing air to es-
cape in advance of the infiltration front. A thick plug of insulation is
also placed again the ceramic disk at the bottom of the column.
Spherical soda lime glass beads with average sizes (d) of 0.15
and 0.4 mm, are used as a sample of the granular packed bed.
The water is supplied (supplied water flux, f) from a water tank
to the top surface of the granular packed bed through a distributor
with controlled rates of 0.05 and 0.1 kg/m2 s. The test column is
covered with insulation.

The position of the infiltration depth in the packed bed is cap-
tured by digital camera relative to a time-based reference, as
shown in Fig. 4. At the end of the test run, the granular packed
bed is cut into five sections, each with volume of 183 cm3, in order
to measure the water saturation. The water saturation in the non-
hygroscopic porous packed bed was defined as the fraction of the
volume occupied by water to the volume of the pores. This water
saturation was obtained by weighing the dry and wet mass of
the sample. Before the experiment, each section was weighed indi-
vidually to record its dry mass. The porous packed bed was
weighed again at 5 min after the test run. The water saturation for-
mula can be described in the following form (Rattanadecho, 2004a
and Aoki et al., 1991):

s ¼
qp � ð1� eÞ � ðmw �mdÞ

ql � e �md
ð22Þ

where s is water saturation, qp is the density of the particles, ql is
the density of water, e is porosity, and mw and md are the wet and
dry mass of the sample, respectively.

4. Results and discussion

In this study, the numerical results of a Single-phase model and
a Stefan model are described for the one-dimensional infiltration of
water in porous media. The numerical results between the Stefan
model and Single-phase model are carried out in this study. Subse-
quently, these numerical results are compared with the experi-
mental results. The effects of particle size (d) and supplied water
flux (f) on water infiltration, i.e., the infiltration layer and the infil-
tration front are studied in detail.

Fig. 5 shows the comparison of the progress of the infiltration
layer through the granular packed bed (d = 0.15 mm) between
the two models at various elapsed times, as a parameter of sup-
plied water flux (f = 0.05 kg/m2 s and 0.1 kg/m2 s). It is evident that
the infiltration layer or water distribution can be regarded as a
parameter of the supplied water flux. Greater supplied water flux
results in a faster infiltration rate and forms a wider infiltration
layer with time. The main transport mechanisms that enable fluid
movement in porous media are liquid flow driven by capillary
pressure gradient and gravity, as mentioned in Eq. (3). The pre-
dicted infiltration layers in both models are in good agreement,
especially in the case of the lower supplied water flux. This is be-
cause the movement of the infiltration front is not as fast for the
case of lower supplied water flux where no difference of comput-
ing performance of these two models has been found. Neverthe-
less, for the case of the higher supplied water flux, the
differences of predicted results obtained from both models are
clearly shown. In contrast with the case of the lower supplied
water flux, the movement of the infiltration front for the case of
the higher supplied water flux is faster owing to the hydrodynamic
characteristics. In this case, the difference between the computing
performances of these two models is clearly evidenced. The com-

Fig. 4. Experimental apparatus for measuring unsaturated flow in one dimension
porous layered.

Fig. 5. Comparison of infiltration layer along granular packed bed (d = 0.15 mm)
between two models at various elapsed times as a parameter of supplied water
flux: (a) f = 0.05 kg/m2 s and (b) 0.1 kg/m2 s.
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puting performance from the both models will be discussed again
in the following paragraphs.

Figs. 6 and 7 show the influences of the supplied water flux and
particle sizes on the infiltration layer for the two models. The lar-
ger particle size and greater supplied water flux results in a faster
infiltration rate and forms a wider infiltration layer in the granular
packed bed. The effect of the fast response depends on hydrody-
namic characteristics, i.e., capillary pressure gradient, permeability
and gravity.

Fig. 8 shows the comparison of the infiltration front
(d = 0.15 mm and d = 0.4 mm) between the two models as a
parameter of the supplied water flux (f = 0.05 kg/m2 s and 0.1 kg/
m2 s). Numerically, it is observed that for all testing cases, the pre-
dicted results obtained from both models are in good agreement,
especially in the case of the lower supplied water flux, mentioned
with regard to Fig. 5. This means that the proposed calculation
technique based on the Stefan model is appropriate for modeling
flow infiltration, especially in the case of sensitively moving
boundary front.

Fig. 9 shows the comparison of the infiltration layer through the
granular packed bed with different particle sizes between the
numerical results and the experimental result (t = 5 min and
f = 0.1 kg/m2 s). It is evident that the predicted results from both
models are in agreement with the experimental results. Further-
more, the numerical results based on the Stefan model seem to
be nearer the experimental results than do those of the Single-
phase model in the case of sensitively moving boundary fronts.
This is because the Stefan model can solve accurately the problems
involved with the moving boundary, because it can simultaneously
capture directly the moving front together with the infiltration
layer during the water infiltration process in a granular packed
bed. However, the conventional method, i.e., the Single-phase
model, aims to predict the saturation profile or infiltration layer,
but it cannot capture directly the moving front and infiltration
layer at the same time.

Again, these results confirm that the troublesome numerical er-
rors in the conventional method (Eqs. (2–12) and (19): Single-
phase model) are reduced effectively if the solution procedure is
linked with the discontinuities condition and if a special formula

Fig. 6. Comparison of infiltration layer along granular packed bed (f = 0.05 kg/m2 s)
between two models at various elapsed times as a parameter of particle sizes: (a)
d = 0.15 mm and (b) 0.4 mm.

Fig. 7. Comparison of infiltration layer along granular packed bed (f = 0.1 kg/m2 s)
between two models at various elapsed times as a parameter of particle sizes: (a)
d = 0.15 mm and (b) 0.4 mm.

Fig. 8. Comparison of infiltration front (d = 0.15 mm and d = 0.4 mm) between two
models as a parameter of supplied water flux: (a) f = 0.05 kg/m2 s and (b) 0.1 kg/
m2 s.
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is used to incorporate the jump conditions directly into the numer-
ical model (Eqs. (14–18), (20) and (21): Stefan model). This is the
main idea behind this work in considering the moving boundary
as a prior parameter, because the water infiltration process is the
moving boundary problem that involve infiltration front. Even
though, the Stefan model seems more accurate than that Single-
phase model, the relative computation times are slightly higher
than for performing the calculation using the Single-phase model
because of the greater memory usage. This issue needs to be im-
proved in further research.

5. Conclusions

Water infiltration in a granular packed bed with unsaturated
flow is investigated numerically using the Single-phase and the
Stefan models. The results show that for all test cases the predicted
results obtained from both models are in good agreement. Further-
more, the predicted results obtained from these two models are
also in good agreement with the experimental results. The pro-
posed calculation technique, based on the Stefan model is appro-
priate for modeling the flow infiltration process, especially in the
cases of a sensitively moving boundary front. Furthermore, the lar-
ger particle size and a greater supplied water flux in the granular
packed bed correspond to a faster infiltration flow, compared with
smaller particle size and a lower supplied water flux. Gravity and
capillary pressure are shown clearly to have an influence on the
infiltration flow.
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